The continuation of the Liouville conformal field theory to c ≤ 1 is considered. The viability of an interpretation involving a timelike boson which is the conformal factor for two-dimensional asymptotically de Sitter geometries is examined. The conformal bootstrap leads to a three-point function with a unique analytic factor which is the same as that which appears along with the fusion coefficients in the minimal models. A corresponding non-analytic factor produces a well-defined metric on fields only when the central charge is restricted to those of the topological minimal models, and when the conformal dimensions satisfy h > (c − 1)/24 . However, the theories considered here have a continuous spectrum which excludes the degenerate representations appearing in the minimal models. The c = 1 theory has been investigated previously using similar techniques, and is identical to a non-rational CFT which arises as a limit of unitary minimal models. When coupled to unitary matter fields, the non-unitary theories with c ≤ −2 produce string amplitudes which are similar to those of the minimal string.
Introduction
The Liouville conformal field theory (for reviews and early work see [1] - [4] ) has been widely investigated for well over two decades, although it was some time before a well-defined three-point function was written down [5, 6, 7] . Since then there has been very substantial progress in understanding Liouville theory on both closed and open surfaces [8] - [13] . However, it has been relatively recently [14, 15, 16] that the bulk theory has been shown to constitute a rigorously defined prototype (in the sense of [17] ) for unitary non-rational conformal field theories. Some of the advances in understanding Liouville theory are due to the fact that it shares many properties with the minimal models [18, 19] . These are rational theories with c < 1 and, particularly for the unitary family, are perhaps the most completely understood of all CFTs. The coupling of the minimal models to Liouville theory has been considered [20] - [27] as an interesting string model which is closely associated with two-dimensional gravity. One somewhat problematic feature of this model, shared by all unitary models coupled to the minimal models, is that the conformal dimensions of the Liouville operators which screen minimal model fields are both discrete and bounded from above. Furthermore, a related theory involving a timelike Liouville field provides a seemingly more tractable spacetime interpretation for string amplitudes, as well as an interesting model of two-dimensional asymptotically de Sitter cosmologies. For these and other reasons, efforts have been made [28] - [32] to define a non-rational counterpart to Liouville theory for c ≤ 1 through the analytic continuation of correlation functions.
One interesting example of a non-rational CFT that is related to Liouville theory is the c = 1 model of [33] which appears as the p → ∞ limit of the unitary (p, p + 1) minimal models. It was later shown in [31] that this model results from the continuation of Liouville theory to c = 1. This work also included a discussion of the related theories for c < 1. The present work uses some of the techniques of [31] to treat these theories in more detail. The result has been that non-rational conformal field theories arising from a continuation of Liouville theory appear only at the central charges of the topological minimal models. These are given by c = 13 − 6 (q −1 + q)
where q is a positive integer. Unlike the c = 1 theory of [33] , for q > 1 these theories are necessarily non-unitary. However, they share many features with this model, most significantly that only non-degenerate Virasoro representations appear in the spectrum of fields. Furthermore, in order to define a diagonal (Mobius invariant) metric on fields, these theories also require a specification of the identity operator through the derivative of the continued dimension zero field. This procedure produces a spectrum of fields which appears to be restricted to h > (c − 1)/24 , a range for which a timelike interpretation of the continued Liouville boson is difficult to elucidate. The precise correspondence of these theories to the topological minimal models is an interesting matter that will not be addressed here.
The order of topics covered in these notes is as follows. In section 2 a short review of Liouville field theory is given, along with some discussion of the zero-mode picture. In section 3 a discussion of the continuation of the Liouville boson to timelike signature is presented, along with known results about the spectrum of normalizable states in the corresponding quantum mechanics. In section 4 some conventions are established and a somewhat detailed review is given of the derivation of the shift relation of the Liouville three-point function through the imposition of crossing symmetry on four-point correlators. In section 5 the unique (up to vertex operator rescalings) solution of the shift relations is given for c ≥ 25 , and a corresponding function for c ≤ 1 is considered which arises from the continuation of the Liouville shift relations. As discussed in [25] , this function is closely related to the minimal model three-point function, but does not produce the correct fusion coefficients and turns out not to respect Mobius invariance. In section 6 the continuation of the Liouville three-point function to c ≤ 1 is derived. The analytic solution to the shift relations for c ≤ 1 given in section 5 appears along with a non-analytic factor previously introduced in [31] for c = 1 . This factor is then seen to produce a diagonal two-point function only for the central charges of the topological minimal models (1) , and for primary fields of conformal dimension h > (c − 1)/24 . In section 7 a short discussion of string amplitudes involving c ≥ 25 and c ≤ 1 Liouville three-point functions is given. These amplitudes include the vertex operator scalings ("leg factors") of the minimal string as well as the non-analytic factor associated with the non-rational models considered in these notes. Finally, in section 8 it is argued that there does not appear to be a sensible interpretation of the correlators presented here in terms of an interacting timelike boson. Also discussed is the interesting fact that the central charges (1) which lead to well-defined amplitudes are also those for which the dual potential of the coulomb gas treatment of the c ≤ 1 CFT vanishes.
Liouville Field Theory
The Liouville conformal field theory on closed surfaces is motivated by the following action:
The central charge of the theory is c = 1 + 6Q 2 , and µ is taken to be real and strictly positive throughout these notes. For the interaction to be a marginal perturbation of the linear dilaton CFT it is required that Q = b + b −1 . Note that the action satisfies the relation
where χ is the Euler number of the surface. As discussed below, this leads to the KPZ scaling relation on correlation functions of primary vertex operators. Defining U L = µ e 2bφ , it turns out that crossing symmetry of the Liouville CFT requires the introduction of the following "dual" interaction :
where µ andμ are related by
Here
are marginal (h =h = 1) follows from the fact that for the linear dilaton stress tensor
. The duality symmetry µ →μ and b → b −1 is an exact symmetry of Liouville correlation functions. Due to the form ofμ(µ, b), the interactionŨ L also preserves the relation (3).
The Liouville CFT on the sphere is characterized by the three-point correlation function
Here h j =h j = a j (Q − a j ) is the conformal dimension of the primary vertex operator V a j . Crossing symmetry and the truncated operator product expansions of the level-two degenerate primary operators V −b/2 and V −b −1 /2 lead to difference equations which, for real b, produce a unique solution [5, 6, 7] for C L (a 3 , a 2 , a 1 ) :
is an entire function with zeros at a = −nb−m/b and a = Q + nb + m/b, with n and m non-negative integers. For the strip 0 < a < Q , Υ b (a) has the following integral representation
In fact, Υ b (a) can be analytically continued to the entire complex b 2 plane except for the negative real axis, a point relevant to the timelike continuation we would like to consider below. Furthermore, Υ b (a) satisfies
These relations allow the following reflection symmetry to be derived from the three-point function
Note that (11) is written as a relation between vertex operators rather than simply as a symmetry of the three-point function since it also holds for all correlators on surfaces of arbitrary genus, including in the boundary theory [8] - [13] . Thus there is a single primary vertex operator for a given conformal dimension, 2 and the (perturbative) vertex operator with h =h = a(Q − a) may be written in terms of exponentiated free fields as
From the form of the dual cosmological constantμ(µ, b) , it may be seen that
and that the form of the dual potential (4) is consistent with the reflection property :
The operator equation of motion then reads
Also implied by the form of V a is the KPZ scaling relation:
For particular values of the charges, it is possible to compute the correlation functions perturbatively in µ andμ as follows
The correlator . . . −iQ is that for the linear dilaton CFT and vanishes unless the sum of the charges (coefficients of 2iφ) in a given product of exponentials equals −iQ. This is a significant restriction on the charges which allow a perturbative computation of the correlators. However, such a calculation precisely reproduces the residues of all of the poles in (8) .
The reflection property (11) is related to normalizability of the primary vertex operators in the sense that, as for solutions in the zero-mode quantum mechanics, there is a single vertex operator per conformal dimension. There is a further restriction on the spectrum of normalizable vertex operators, also seen in the zero-mode quantum mechanics, which arises from the two-point function. Defining 2a j = Q + ip j , the two-point function takes the form
Use has been made here of the identities (10), one consequence of which is Υ b (0) = Υ b (b) . The charges of the normalizable vertex operators are thus of the form 2a j = Q + ip, with Im(p) = 0 and Re(p) > 0 , as allowed by (11) . These normalizable operators, which satisfy h = (Q 2 +p 2 )/4 ≥ Q 2 /4 , comprise the spectrum of states of the spacelike Liouville CFT. In particular, factorization of correlators of normalizable operators involves only this spectrum as intermediate states. With this choice for the spectrum, the three point function (8) has been shown [14, 15, 16] to give rise to a well-defined non-rational unitary CFT.
Liouville Quantum Mechanics
The above picture can be made more clear by examining the zero-mode quantum mechanics associated with the action (2). Taking p 2 = 4h − Q 2 , the following zero-mode wave equation applies to solutions ψ p associated with primary fields of dimension h :
The solutions are the Bessel functions
where the behavior in the region φ → −∞ has been shown. Defining x = e bφ 4πµ/b 2 , as φ → ∞ these solutions have the asymptotic form
Only the linear combination
vanishes at large φ . This choice corresponds to the reflection property (11) in the CFT. In particular, taking 2a = Q + ip, (12) may be written as
which for p of O(1) and small b corresponds with the reflection coefficient associated with the behavior of the K function as φ → −∞ (see (25) below). For real p it may be seen that R L (a) is a pure phase, as expected for a completely reflecting potential. Furthermore, only for real p is the K function normalizable, and thus the zero-mode picture reproduces the spectrum implied by the two-point function (19) .
To see that the zero-mode quantum mechanics exhibits the behavior of the three-point function (8), we define the wavefunctions
Where the behavior as φ → −∞ is shown. As φ → ∞ , Ψ(p, φ) has the asymptotic form
the zero-mode analog of the structure constant is given by
After performing the integral it is found that Using the asymptotic form of Υ b (bx) for small b
the exact Liouville structure constant (8) with the charges (27) coincides with (29) for small b
Taking the limitŝ → 0 for small b, the expression for the two-point function (19) is recovered from the zero-mode three-point function (29)
where the substitutions p = bp and k = bk have been made.
Timelike Liouville Quantum Mechanics
At least naively, a continuation of Liouville theory to timelike signature can be effected by defining φ = iϕ and b = −iβ. This leads to a timelike analog [34, 35, 36] of the Liouville action (2) which has the form
Here ρ has been substituted for µ , and we have defined Λ = −iQ = 1/β − β . Choosing the branch b = (c − 1)/24 − (c − 25)/24 , this leads to β ∈ (0, 1] ⊂ R for central charge c = 1 − 6Λ 2 ≤ 1 .
Taking a = −iα , exponential operators e 2aφ continue to operators e 2αϕ in the timelike theory with conformal dimension h = α(Λ + α) . Besides the change in signature, S T differs from S L of (2) in at least two other significant ways. First, the term QRφ in (2) implies that the region of strong string coupling appears as φ → ∞ , whereas the term −ΛRϕ in (33) implies that strong string coupling appears as ϕ → −∞ . Related to this is the difference between g S µν = g µν e 2aφ and g T µν = g µν e 2βϕ when interpreted as metrics of a two-dimensional quantum gravity. The spacelike Liouville equations of motion
imply that g S µν , for a choice of worldsheet metric g µν such that R[g] = 0, describes a space of constant negative curvature. That is, it describes a locally anti-de Sitter geometry :
Conversely, (33) implies that g T µν describes a space of constant positive curvature; that is, a locally de Sitter geometry [37, 30] with R[g T ] = 8πρβ 2 . Furthermore, the geometric interpretation implies that strong string coupling appears at large scale for the spacelike theory, a regime that the field cannot fully explore due to the form of the potential. For the timelike theory, strong string coupling appears at small spatial scale, a regime that is accessible to the field when coupled to unitary matter which is in a state that is sufficiently excited to overcome the negative Casimir energy of the matter fields.
To attempt to make sense of the CFT correlation functions it is helpful to consider the zero-mode quantum mechanics of (33) . After the continuation of (20) using φ = iϕ , b = −iβ , and p = iω , the timelike zero-mode Schroedinger equation reads
The sign convention p = iω has been chosen to produce e ipφ = e −iωϕ . Note that the operator e 2αϕ with 2α = −Λ − iω has conformal dimension h = −(Λ 2 + ω 2 )/4. To find the solutions to (36) it is easiest to recognize that we may continue the solutions to (20) . Using x = e bφ 4πµ/b 2 from above, and defining y = −ix = e βϕ 4πρ/β 2 , the Bessel J functions appear as a result of the continuation
The Bessel J functions have the following ϕ → −∞ behavior
As ϕ → ∞ these solutions have the asymptotic form
For the spacelike theory, the normalizable solutions to the wave equation form a complete orthogonal set. In particular, the normalization of K(ip, x) (23) is given by
where both p and k are real. In the timelike case, the normalizable solutions form an overcomplete set, as may be seen from
which is convergent for Re(s + t) > 0 . Note that solutions with (s − t)/2 ∈ Z =0 are orthogonal.
As expected from the asymptotic form of the solutions, a pole appears at s = −t . The nonorthogonality of solutions of different energies is associated with the fact that a classical particle will reach ϕ → ∞ in finite conformal time. The choice of a self-adjoint Hamiltonian will distinguish a particular orthogonal set of solutions with real energy via boundary conditions at ϕ → ∞ .
Before considering how the requirement of self-adjointness of the Hamiltonian restricts the spectrum of states for timelike Liouville, a brief review of the relevant general operator theory is provided here. Consider an operator A on a Hilbert space H which is defined on some dense domain D ( 
An operator S is symmetric if Sg| h = g| Sh for all h ∈ D(S) and g ∈ D(S) ⊂ D(S * ). An operator H is self-adjoint if it is symmetric and D(H) = D(H *
. Given a symmetric operator S , the conditions for it to possess a self-adjoint extension H may be explained by starting with the following significant fact about symmetric operators
It may be seen that Ran(S ± i) is a closed subspace of H with orthogonal complement Ker(S * ∓ i) . Thus, given the decomposition H = Ran(S ± i) ⊕ Ker(S * ∓ i) , it follows that
where ψ ∈ D(S * ) , φ ∈ D(S) , and η − ∈ Ker(S * + i) . Thus η + = ψ − φ − η − ∈ Ker(S * − i) , which is equivalent to (43). It turns out that S * g| h = g| S * h for all h ∈ D(S * ) and g ∈ D(S * ) if and only if η − = U η + , where U is a unitary transformation. This imposes dim Ker(S
as a sufficient condition for a symmetric operator S to possesses a family of inequivalent self-adjoint extensions. Given a particular U , a self-adjoint extension with H = H * and D(H) = D(H * ) may be constructed as
where the abbreviation K ± = Ker(S * ∓ i) has been made.
Given the form of the kinetic term in (2), a sufficient condition for the spacelike differential operator of (20) to be given by a symmetric operator (S, D(S)) is
Of course, replacing φ with ϕ , the timelike theory shares this condition. Note that this implies that there are no boundary conditions on D(S * ) = { ψ ∈ H | S * ψ ∈ H }. An examination of the subspaces Ker(S * ± i) determines the dimensionality of the space of self-adjoint extensions of the naive zero-mode Hamiltonians of the respective Liouville theories. For the spacelike theory, the four solutions of S * = p 2 /b 2 = ±i are given by I(σ ie ±iπ/4 , x) , where σ = ±1 indexes the two solutions of (20) . It may be seen from the φ → ±∞ behavior in (21 , 22) , that none of these solutions are normalizable. Thus dimKer(S * ± i) = 0 , and S has a unique self-adjoint extension H for the spacelike theory. Note that in this case the spectrum is purely continuous as expressed in (40) . For the timelike theory (36), the four solutions of S * = ω 2 /β 2 = ±i are J(σ ie ±iπ/4 , y) , where again σ = ±1. Given the integral (41), it may be seen that the only normalizable solutions are of the form
where we have taken ||ψ ± || = 1 . Thus dimKer(S * ± i) = 1 , and the operator S for the timelike theory possesses a one parameter family of self-adjoint extensions D ν (H) . The unitary operator required in (46) is given by
The figure at left above shows the complex α plane in timelike Liouville quantum mechanics, with the spectrum of normalized states shown in blue. For each ν ∈ (0, 1] , which corresponds to a particular self-adjoint extension of the Hamiltonian, there is a continuum of states (50) with ω ∈ R + , where 2α = −Λ + iω . In addition, there is a discrete set of states (49) with iω = 2β(n + ν) for n ∈ Z ≥0 . The figure at right is a plot of the potential − exp(2βφ) + Λ 2 /2 for the unit mass Schroedinger equation corresponding to (36) with energy −2h , where the substitution 2βφ = 2βϕ + ln(2πρ) has been made. Also shown is a plot of the discrete solution J(2(n + ν), exp(βφ) 2/β 2 ) for ν = 0.6 and n = 3 , for which h = −(Λ 2 + ω 2 )/4 > −Λ 2 /4 . Not shown is an example of the continuum of solutions (50) corresponding to h < −Λ 2 /4 for this value of ν . The choice β = 0.3 has been made in both figures.
Perhaps the simplest way to determine the spectrum associated with the parameter ν is to note from (41) that there is a discrete orthonormal set of solutions with imaginary ω(ν, n) = −2iβ(n+ν)
given by
Here we take n ∈ Z ≥0 and ν ∈ (0, 1] . For real ω , a solution corresponding to conformal dimension h = −(ω 2 + Λ 2 )/4 is given by
Imposing that Ψ ν n and Φ ν ω are orthogonal leads to the condition
Choosing
(52) the solutions Φ ν ω (y) are given the continuum normalization
where we have implicitly taken ω j > 0 . It may be shown that this basis is complete, that is
where, as above, y = e βϕ 4πρ/β 2 . Note that, as for the discrete states with h > −Λ 2 /4 , the condition of self-adjointness of the Hamiltonian requires that there is a single continuum normalized state for each h < −Λ 2 /4 . The zero-mode three-point function associated with the solutions Ψ ν n and Φ ν ω is treated in [35] . It is clear from the behavior of the solutions that these amplitudes do not follow from the continuation of the Liouville three-point function (29) . In section (6) the continuation of the Liouville CFT to c ≤ 1 will be treated and an interpretation of the correlators in terms of a spacelike boson will be given. As will be discussed below, there does not appear to exist a CFT corresponding to the timelike model treated in this section.
Conformal Bootstrap: Shift Relations
The existence of degenerate Virasoro representations permits the derivation of analytic shift relations which lead to unique three-point and two-point functions for primary fields in Liouville theory. This procedure, which makes use of the crossing symmetry of the four-point correlator, and the assumption of one primary vertex operator per conformal dimension, is an example of what is often referred to as the conformal bootstrap [18, 17] . The conformal Ward identities, and the factorization that is utilized in the bootstrap, then allow all correlation functions on the sphere to be computed from the two-point and three-point amplitudes. Below a z-frame primary vertex operator will be denoted by V 
Here z-frame radial ordering is implicit with the frames related by z = 1 − w = 1/u . Symmetry under exchange of the charges {a j } arises from Mobius symmetry (in this case permutation of the z, w, and u frames). The two-point function is similarly defined by
Before proceeding to the bootstrap, it is necessary to adopt some conventions and make an assumption about the nature of the spectrum. Here the primaries are taken to satisfy a reflection relation V a = R L (a)V Q−a , which implies R L (a)R L (Q − a) = 1 . As above, h =h = a(Q − a) , with c = 1 + 6Q 2 and Q = 1/b + b . For the moment, the branch b ∈ (0, 1) ⊂ R is chosen with c > 25, along with values for a such that h is real. Given the identification 2a = Q + ip , elements of the spectrum S will be taken to correspond to p ∈ R + . The two-point function then takes the following general form
Mobius invariance implies that the four-point function is characterized by the cross-ratio η = (z 12 z 34 )/(z 13 z 24 ) as follows
This leads to the crossing symmetry relation
The four-point function is expected to factorize as
Here the integral extends over a domain S({a j }), which depends on the charges and may include discrete contributions. However, if all of the charges are in the spectrum (a j ∈ S), then S({a j }) = S . That is, taking 2a = Q + ip , the integral is over the contour p ∈ R + . If some charges are outside S , the amplitude may be defined through analytic continuation, with discrete contributions appearing as poles cross the contour of integration. The s-channel conformal blocks F a 4 a 3 a 2 a 1 (a|η) are holomorphic in η and are determined entirely by conformal invariance. They are related to the t-channel conformal blocks by a fusing matrix F as follows
It is conventional in Liouville theory to use vertex operator rescalings
Under rescaling,
The choice D L (a) = R L (a) thus restricts further rescalings to have f (a)f (Q − a) = 1 . In addition, it it convenient to scale the a = 0 operator so that it corresponds to the identity (V 0 = 1). In this case G L (a 2 , a 1 ) = C L (0, a 2 , a 1 ) , and further vertex operator rescalings are restricted to have f (0) = 1 .
Derivation of the shift relations for c > 25
In general the integrals in (60 , 61) are over an infinite number of discretely and continuously indexed Virasoro representations. However, among the non-normalizable operators in Liouville theory are a discrete set of degenerate primary fields for which these expansions are truncated to a finite number of terms. In particular, for the vertex operators V a(m,n) , where
there exists a null descendant at level mn. In the case of a(1, 2) = −b/2 , the assumption of the decoupling of this null descendant results in
This may be shown to imply that the three-point amplitude C L (a 1 , −b/2, a 3 ) vanishes unless a 3 = a 1 ±b/2, and that the factorization of the four point function (60) is a sum of two terms. Specifically, the vanishing (65) of the null vector at level 2 in a four-point function with degenerate primary V a 2 = V −b/2 results in the differential equation
Where the normalization R L (Q − a) = D L (a) −1 has been chosen as in (62). The differential equation (66) then implies that the conformal blocks in (67) are expressed in terms of hypergeometric functions
Where, defining 2a j = Q − λ j , we have
Taking s, t = ±1 , and defining
it may be seen that the elements of the fusing matrix (61) are given by
and
This computation requires the identities
It is helpful to introduce the definitions
where a sometimes useful relation is
Imposing the crossing symmetry relation (59), the fusion relation (61) leads to
The vanishing of cross terms in the right side of (78) yields
To solve for the shift relations it is probably most straightforward 3 to introduce a set of vertex operatorsV a which satisfyR L (a) = ±1 andD L (a) = R L (0) . This choice, which preservesV 0 = V 0 = 1 , is given byV
It should be noted that this rescaling preserves the form of the left hand side of (79), withĈ ± (a) defined forV a as in (76). It will be seen below that, for real b ∈ (0, 1] ⊂ R , the sign inV a = ±V Q−a depends only on the central charge and not on the charge a . Choosing a 4 = −b/2 and a 3 = a 1 = a , in this normalization we find 4
It should be noted that the preceding argument depends only on the conformal dimensions h j = a j (Q − a j ) of the operators. Thus 5
since the explicit dependence of the three-point function on b is only through Q = b −1 + b . Plugging (81) back into (79), renaming a 4 → a 2 , and taking a 1 → a 1 + b/2 , leads to the following shift relation for theR
where, as above,â = j a j . From (64), there exists a primary vertex operator with a(2, 1) = −b −1 /2 which also has a null descendant at level 2, thus producing the differential equation (66) with b → b −1 and h 2 = h(−b −1 /2). The associated truncated operator product expansion implies a shift relation forĈ L (a 1 , a 2 , a 3 |b) which follows from (83) by taking b → b −1 .
Shift Relations to Correlators
It may be seen that the shift relation (83) has the solution
where
The number A L corresponds to the overall scale of the three-point function that is left undetermined by the bootstrap. Under reflection we havê
where [b −2 ] is the largest integer less than b −2 , and it has been assumed that b ∈ (0, 1] . We would now like to use (80) to return to the set of vertex operators V a = R L (a)V Q−a , and choose R L (a) to bring the shift relation (83) to a form which is analytic in {a j } and b . However, here and below the (identity preserving) vertex operator rescaling
the three-point function C L takes the following form
The shift relation for the V a operators is given by
where,
Using the property of the three-point function (82) that C L (a 3 , a 2 , a 1 |b) = C L (a 3 , a 2 , a 1 |b −1 ) , the solution to the shift relation (89) and its b → b −1 counterpart is unique up to an a j -independent rescaling. Uniqueness follows from the fact that the ratio of any other solution to that of (88) must be periodic in both b and b −1 , and thus must be independent of a j for real (in general non-
V a produces the conventional normalization of the three-point function C L (8) and reflection coefficient R L (a) (12) in Liouville theory. Rescaling the result (81) produces
where C ± (a) are defined as in (76). The expression (91) may be seen to also result from a perturbative calculation as in (18) . We may also define the "dual" expressioñ
Taking b → b −1 in (81) and definingμ as in (5) produces
After the introduction of the "self-dual" potential in (4), this may also be seen to be the perturbative result. If the expressions (91) and (93) are computed perturbatively, they may be plugged into (79) to derive the shift relations. However, crossing symmetry still requires the identification (5).
Solution to the shift relations for c ≤ 1
While the expression (88) is, up to the factor A L , the unique solution to (89) for real b, for complex b there are solutions related to C L by a doubly periodic function of b and b −1 . We expect a timelike Liouville theory to be related to the spacelike theory by β = ib and α j = ia j . It turns out that the expression (88) is not analytic for real β and thus a naive continuation of Liouville correlators to timelike signature is not possible. However it is possible to find a unique solution to the shift equations (89) for real β. That is, using Λ = −iQ = β −1 − β , there is a correlator 6 which satisfies
Given (94) and the relation given by β → −β −1 , C M is given by
whereα = j α j and A M is the scale undetermined by the shift relations. The associated primaries, which will be denoted by W α , satisfy W 0 = 1 and
To demonstrate that (96) leads to (94) and (98) 
Considering the three-point function (96), with 2α j = 2ia j = −Λ − p j , the expression analogous to (62) is given by
Where p ± = (p 1 ± p 2 )/2 , and where
Note that no delta functions appear in G M (α 2 , α 1 ) , and thus it does not in general vanish for primaries of different conformal dimensions. It should be recognized that while (96) satisfies the same analytic shift relation (94) as the Liouville expression (88), the conformal bootstrap derivation of these relations based on the factorization of the four-point function (60) relies on a diagonal twopoint function (57). Thus there is no reason to expect (96) to correspond to a conformal field theory for general charges {α j } . However, examining the diagonal terms
the similarity to (62) is obvious. This suggests a sphere partition function normalized as
This expression vanishes for finite A M for the topological minimal models with β −2 = q ∈ Z >1 , but in the β → 1 limit we have 1 = A M .
Comments on the minimal model correlators
As discussed below, the three-point function of the (p, q) minimal models may be computed from (96). The minimal models have rational β 2 = p/q with q > p > 1 and have a field content comprised of degenerate representations with primary charges
Here m and n are restricted to 1 ≤ m < p and 1 ≤ n < q, with fields identified under the reflection (m, n) → (p − m, q − n) . Choosing A M = (πρ γ(−β 2 )) Λ/β leads to an expression for C M which is very similar to the conventional Liouville expression (8) , and a perturbative calculation as in (18) leads to the minimal model amplitudes. For the (p, q) minimal models the perturbative result may be seen by defining the vertex operators in terms of the spacelike boson φ = iϕ as follows
As for the Liouville case, defining U M = ρ e −2iβφ , there is a "dual" potential
The perturbative result for the minimal models may be derived from
As for (18), the correlator . . . Λ is that for the spacelike linear dilaton CFT and vanishes unless the sum of the charges (coefficients of 2iφ) in a given product of exponentials equals Λ. As discussed below, the expression (107) must be augmented by the minimal model fusion rules to produce consistent CFT amplitudes.
To relate the expression (96), when evaluated at the charges (103), to the structure constants of the minimal model CFT , it is helpful to define rescaled vertex operatorsŴ α for whichR M (α) = ±1 . As for the Liouville case (80) these are defined bŷ
which preserves the normalizationŴ 0 = W 0 = 1 . The three-point function then takes the form
The amplitude (109) leads to the reflection relation
where [β −2 ] is the largest integer less than β −2 , and it has been assumed that β ∈ (0, 1] . With the choice 1 = R M (0) = 1 , (109) is the three-point function of the generalized minimal model (GMM) introduced in [25] . For the minimal models with β 2 = p/q for q > p > 1, the rescaling (108) with α(m, n) as in (103) is non-singular for 1 ≤ m < p and 1 ≤ n < q . However, (108) diverges for m = p or n = q , and vanishes for m = 0 or n = 0 . For the topological minimal models with q > p = 1 , (108) is non-singular for m ∈ Z >0 and 1 ≤ n < q . Furthermore, unlike the terms in the numerator of the Liouville three-point function (88), which vanish at the locations a(m, n) (64) of the degenerate primaries, the denominator in the corresponding GMM three-point function (96) does not have zeros at the charges α(m, n) of the minimal models.
We would like to explore whether
produces the operator product expansion of the minimal models. As might be expected, using (102), it may be seen that (112) is independent of the number A M . To relate (112) to the (q > p > 1) minimal model structure constants, it is sufficient to set n j = 1 and define the more general result through analytic continuation [19, 33] . In this case 2α j = (m j −1)β −1 satisfies h j = α j (Λ+α j ) ≥ 0 . From the identities (10), for m ∈ Z >0 it may be shown recursively that
Here Ω(m) , with Ω(1) ≡ 1 , is non-zero and finite for all p > m ≥ 1 . Defining m ± ≡ (m 1 ± m 2 )/2 , for m + ∈ Z >0 and m − ≥ 0 , repeated use of (113) leads tô
where g (m,n) = g M (α(m, n)) has been defined. The expression (115) equals 1 when m 1 = m 2 , and may be seen to vanish when m 1 = m 2 . It may also be shown that
where m ∈ Z >0 , andΩ
Again, the functionΩ(m) , withΩ(1) ≡ 1 , is non-zero and finite for all p > m ≥ 1 . For (2m + − 1)/2 ∈ Z >0 and (2m − − 1)/2 ≥ 0 ,
It may be seen that (118) does not in general vanish for m 1 = m 2 . Zeros appear in (109) at the following values of the charges
wherem = j m j . Others zeros appear when one of the charges is reflected via (m j , n j ) → (p − m j , q − n j ) . This replaces |m −n p/q| in (119) by |m j −n j p/q| , wherem j =m − 2m j . As mentioned in [25] , the zeros in the function (109) form a proper subset of the zeros imposed by the minimal model fusion rules. The latter may be written as
The minimal model OPE is then given bŷ
Where, as above, the operators are at the origin of the frames z = 1 − w = 1/u , and [Ŵ (m,n) ] denotes the conformal family of the primaryŴ (m,n) ≡Ŵ α(m,n) . The non-zero result (118), and the need to impose the fusion rules by hand in (122), demonstrate that the GMM three-point function is not Mobius invariant, and thus does not give rise to a consistent CFT. It is, however, the unique analytic solution to the shift relation (94) and, as in (122), will be present along with a non-analytic coefficient in the c ≤ 1 theories considered in the next section.
Continuation of Spacelike Amplitudes
As shown in the last section, the function C M (96) does not by itself lead to a suitable three-point function unless multiplied by a non-analytic factor which, as in the case of the minimal models, leads to a diagonal (Mobius invariant) two-point function. The question then arises as to whether the continuation of C L (88) to imaginary b produces such a factor, and what ranges of central charges and momenta lead to sensible theories. From the shift relations (89, 94, 95), the ratio of C L to C M must be related by a doubly periodic function in each of the charges a j for Im(b 2 ) = 0
Here T (a j ) = T (a j + b) = T (a j + b −1 ) may be computed [31, 25] from
which is valid for Im(τ ) > 0, where τ = b −2 . Using ϑ 1 (0|τ ) = 0 and Υ b (0) = Υ b (b) , it may also be shown that
Here the relations (10) and the conventions of [40] for the ϑ functions have been used. Since T is not independent of a j , it follows that C M is not analytic for real b, where C L is the unique analytic solution to the shift equations. Similarly, as shown in figure 3 , this shows that C L is not analytic for real β = ib. The function T in (123) is given by
This function may be seen to be analytic in the charges a j for Im(b 2 ) < 0 . It is also anti-symmetric under reflection in each of its arguments 7 :
It is helpful in what follows to introduce a number of ϑ 1 function identities. In the conventions used here, the product representation of ϑ 1 (x|τ ) has the form ϑ 1 (x|τ ) = 2 e πiτ /4 sin(πx)
which leads to
The ϑ 1 function satisfies the quasi-periodicities
and possesses the following behavior under modular transformations
7 This is true for Im(b 2 ) < 0 , but is consistent with the expressions (86) 
Here the identification ϑ 1 (x) ≡ ϑ 1 (x|τ ) has been made. A consequence of this identity is
We would now like to examine the factor T (126) in the limit Im(b −2 ) → 0 + . While ϑ 1 (x|τ ) is extremely singular in this limit, it will be shown below that for β 2 = p/q with (p, q) coprime integers which satisfy q ≥ p ≥ 1 , the non-analytic factor T produces non-trivial amplitudes for C L . The corresponding central charges
include those of the minimal models. It will further be shown that Mobius invariant amplitudes are produced only for c = 13 − 6 (q −1 + q) of the topological minimal models. These latter models involve degenerate representations with primary charges as in (103) :
but with the restriction m ∈ Z >0 and 1 ≤ n < q. While the central charges (136) are rational, the factor T may be seen to vanish for the degenerate charges α(m, n) , and the amplitude given by C L for imaginary b through (123) has a spectrum which does not include these conformal dimensions.
The treatment here follows that of [31] closely, where the c = 1 case was considered. For conformal dimensions h > (c − 1)/24 = 0 , it was found in [31] that (123) is equivalent to the three-point function of the p → ∞ limit of unitary (p, p + 1) minimal models considered in [33] . This theory involves a continuous set of primary fields which excludes the c = 1 degenerate primaries with h = n 2 /4 for n ∈ Z . Taking x j = a j b −1 and making use of (135) we have
This may be written as
As mentioned above, while ϑ 1 exhibits the quasi-periodicities of (130) and (131), the factor T in (139) is periodic under x j → x j + 1 and x j → x j + τ . This may be seen from
or, equivalently, from the fact that C M and C L satisfy identical shift relations (89, 94, 95) under a j → a j +b and a j → a j +b −1 . This implies that the limit Im(b −2 ) ≡ → 0 + can only lead to a nontrivial three-point function for the choice τ = b −2 = −r + i with r a rational number. Otherwise the real periodicities of T would not have rational ratio in the limit in which ϑ 1 degenerates, and (139) would have to be a constant. This creates a problem since C M does not by itself lead to a diagonal two-point function. This fact is consistent with C M being the unique analytic solution to the shift equations for β = ib ∈ R and leads to the expectation that C L is a wildly discontinuous function of the central charge for c ≤ 1 .
Correlators for h > (c − 1)/24
Since for real conformal dimensions the associated momenta must be either real or imaginary, it is useful to express the charges as 2a j = Q + ik j . This leads to
where the limit β = ib → p/q has been taken. As discussed below, it does not appear that a sensible two-point function exists for the case of imaginary k j , and thus the three-point function for h < (c − 1)/24 will not be treated in these notes. As discussed in [31] , For h j > (c − 1)/24 (p j ∈ R), the choice (p = 1, q = 1) leads to the following periodic sawtooth function :
Here [x] is the largest integer less than x ∈ R. From (140) it may be seen that this is also the result for the (τ = −q + i ) topological minimal models. For the general (p, q) case this is modified to
Note that this expression is independent of q. The general result for D p may be seen to follow from the various ϑ 1 function identities given above, and from the relation
It is evident that D p (x + 1/p) = D p (x) , and
Thus for x j ∈ R we may write
Using [−x] = −[x] − 1 , and definingk = 3 j=1 k j , we find the following expression for non-analytic factor in the three-point amplitude for real k j :
This may be seen to reduce in the case (p = 1, q = 1) to the non-analytic coefficient of the three-point function given in [31] , which reproduced the result of [33] in which the c → 1 limit of unitary minimal models was considered. To define the three-point function of the non-rational theory considered here, the limit is taken such that A ≡ A L / is finite. This leads to the following three-point function
This results in
Here, as above, Λ = β −1 − β , β = ib , and α j = ia j , with b −2 = −q/p + i .
The two-point function is expected to appear in the limit α 3 → 0 . In this case
This result, which follows since the identity is the primary field of a degenerate representation, clearly does not give rise to a suitable two-point function. The solution given in [33] is to define
Thus we define the metric on fields as
Computing the derivative of T , we find
where k ± = (k 1 ± k 2 )/2 for k j ∈ R as given in (141). The periodic delta functions appearing in (154) would seem to produce a metric on fields that is not Mobius invariant, since fields of different conformal dimensions could have a non-zero inner product. However, from (99),
where F β (k) is given by (100). This leads to
Thus for the topological minimal models (p = 1), the zeros of the Υ functions impose
and the corresponding metric on fields is in fact diagonal
Here the reflection coefficient R q (α) is given by 8
However, for p > 1 the two-point function is not diagonal, and thus operators of different conformal dimensions have non-zero inner product. We will take this to mean that only the non-rational theories with central charges c = 13
lead to well-defined conformal field theories. In the last section some arguments suggesting why this might make physical sense are put forward. 9 
String Amplitudes
When combined with ghost contributions, the amplitudes C L and C q may be assembled into consistent string correlators. Choosing a unit normalization for the ghost amplitude, the corresponding three-point function is constant on the sphere and is given bỹ
Here α j ∈ R and β = 1/ √ q . The combined central charge of the Liouville theory and its continued counterpart compensates for that of the ghost central charge :
Similarly, the combined conformal dimension of a Liouville operator with charge β − α and a continued operator of charge α compensates for that of the ghost vertex operator :
(β − α)(1/β + α) + α(1/β − β + α) = 1
From the expressions for C L (88) and C q (148) we obtain the following simple result :
Here the constant A L has been absorbed into A , and all of the Υ functions have cancelled from the expression. It should be noted that if C q were replaced by C M as in the minimal gravity of [25] , only factors which depend on the normalization of vertex operators appear in the analogous string amplitude.
Interpretation and Conclusion
An interpretation of the models considered here in terms of an interacting timelike boson associated with asymptotically de Sitter cosmologies appears problematic. This is since the spectrum of primary fields does not correspond to the normalizable states of the timelike Liouville quantum mechanics treated in section 3 and in [34, 35] . This is further complicated by the fact that there do not appear to be normalizable states for conformal dimensions h < (c − 1)/24 . In the c = 1 treatment of [31] , fields with these conformal dimensions are taken to be normalizable for a timelike boson since the arguments of the corresponding exponential operators are imaginary. Similarly, fields with h > (c − 1)/24 are taken to be normalizable for a spacelike boson. Through the stateoperator correspondence this is also a reasonable interpretation in the case of c < 1 . Having said this, it should be noted that the exponential fields only give the asymptotic form of the wavefunctions of the interacting theories, and the timelike zero-mode picture certainly leads to normalizable states with asymptotically decaying real exponentials for h > (c − 1)/24 .
However, there are reasons to suspect that the theories considered here may admit interpretations relevant to two-dimensional gravity. One of the problems with such an interpretation for generic central charge is the existence of a dual potential that appears in the Coulomb-gas computation of correlators. In Liouville theory such a potential ( 4πμ e 2φ/b ) also appears as the alternative dimension one operator to the canonical Liouville potential ( 4πµ e 2bφ ), with the respective cosmological constants being fixed with respect to one another by crossing symmetry (5) . Both of these potentials admit a region of field space at weak string coupling ( φ → −∞ ) for which a free field theory appears. For the c ≤ 1 timelike theory, the canonical potential ( 4πρ e 2βϕ ) vanishes in the region of strong string coupling ( ϕ = −iφ → −∞ ). For small matter conformal dimensions in a string model, a large Casimir energy prevents the field from exploring this domain. However, for sufficient matter energy it is possible for the dual potential ( 4πρ e −2ϕ/β ) to grow large. In the two-dimensional gravity interpretation this is associated with small spatial scale in collapsing asymptotically de Sitter geometries. If the dual potential is non-zero, a free field treatment at small spatial scale is not available. It turns out that the dual cosmological constant in the timelike theory, which is also fixed with respect to the canonical cosmological constant (106), vanishes precisely for the central charges (1) of the non-rational theories considered here (see figure 4) . These are also the only central charges for which the dual cosmological constant is real. Whatever the spacetime interpretation, this is at least suggestive of a more tractable family of non-rational theories than might be expected at generic central charge. In this case the dual potential is complex and vanishes at the central charges c = 13 − 6(q −1 + q) for q ∈ Z + of the topological minimal models.
It should be said that the language of the preceding two paragraphs is largely heuristic in nature. The status of the dual potentials in the respective CFTs is well-defined from a mathematical standpoint, but their physical significance is not apparent. 11 Furthermore, as opposed to the continuation of the Liouville charges, the timelike rotation of the Liouville boson certainly warrants skepticism. Putting these interpretational issues aside, it does appear that the CFTs discussed here are closely associated with the non-rational c = 1 model of [33, 31] . The extent to which these theories have physical significance is a question for further investigation.
